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LETTER TO THE EDITOR

An analysis of the Monte Carlo diamond lattice calculation
using an exact reduction relation
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Departent of Physics, Concordia University, 1455 Boulevard de Maisonneuve W, Montreal,
Quebec, Canada H3G 1M8
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Absiract. A reduction relation is noted which allows one to relate exactly, at any temperature
T, two quantities for the Ising model on the diamond fattice: (i) the ratio, essentially, of the
average neighbour—neighbour correlation function and the energy per spin, P = T2/U7 and (ii)
a ratio of a certain pair of four-spin cormelation functions @ = T3/ 4. This relation is applied to
Mouritsen’s Monte Carlo determination of these quantities P, and (., at the critical point T;.. It
is shown that the Monte Carlo values are severely inconsistent with the exact relation. A more
reliable value of the neighbour—neighbour correlation function, (o2} = 0.283, is calculated
from the Monte Carlo data.

In his paper on the phase transition and critical correlation functions in the spin-% Ising modet
on a diamond lattice, Mouritsen (1980) calculated, using the Monte Carlo (MC) technique,
certain ratios P and Q of two- and four-spin correlation functions, respectively. These had
been assumed in an early theory of Frank and Mitran (1978) to be unity. Mouritsen showed
(using up to 16384 lattice points) that this assumption was, although a good approximation,
not exact, as he obtained Pye = 0.978 X 0.002, QOpmc = 1.0935 £ 0.0005. Since then,
progress has been made in the difference-equation approach to critical phenomena (see, e.g.,
Frank and Cheung 1984), and a re-examination of the numerical results of Mouritsen {1980)
revealed significant guantitative discrepancies with the new theory. It is well known that MC
calculations can sometimes give misleading results, as for example in the calculation (using
N = 128 lattice points; Mouritsen er al 1981) of the critical temperature for the FCC Ising
lattice with pure four-spin interactions. {The discrepancy of approximately 17% compared
with the correct self-dual Onsager temperature was resolved by Mouritsen ef al (1983) in a
re-analysis using ¥ = 1024 and N = 2000 lattice points.) Therefore, a method was sought
whereby the results of Mouritsen (1980) could be checked for self-consistency.

In this work, an exact equation is derived for the diamond lattice, which connects P
and Q for any given temperature 7, The degree of consistency of Mouritsen’s (1980)
(P, Q) result with this equation is demonstrated, and implications for the critical value of
the neighbour-neighbour correlation function are shown.,

For the diamond lattice with Hamiltonian

H= ——Z..f,-jo,-aj (0, 0y = *1) (1
i<f
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the Suzuki—Callen relations (Suzuki 1965, Callen 1963) read as follows:

{o:{7}) = ({o7} tanh(28J6;)} @)
where {07} does not involve spin a;, §; = %(o-, + oy + o3 + 04), where oy, ..., 04 are the
four nearest-neighbour spins of o, and 8 = 1/kgT. Choosing {67} = & and then {77} = 9,—3,
one obtains the two exact relations:

U; = {oi8;) = {6; tanh(28J86;)) 3

Uy = (0:67) = {67 tanh(2876,)). (4)

Since €; may take on only the values I, %, 0, —-'2-, —1, there exists a reduction relation for
the &; operators:

8:(87 — 17)(67 — (p?) =0. (5)
Thus, any even function of the 6; may be written as

Feven(8) = Co + C287 + Ca6} (6)
where

Co = feven(0)
C2 = [~ 15 foven(0) + 16 faveal£) — foven(1)] )
Gy = ‘%[lzfeven(o) - lﬁfeven(‘%) + 4fevm(1)]

are obtained by substituting 6; = 0, -% and 1 into (6). The thermal average of (6)
{fevcn(ar')) = Co+ C2{6f> + C4(9;4) (8)

applied to the RHS of (3) and (4) yields, with the notation T> = (67} and T, = {8/},

Uz = AQTQ + A4T4 (9)
Us = BT + BiTi (10)
where
Az = }[8tanh(f) — tanh(28J)] B; = L{2tanh(8J) — tanh(28)]

A4 = $[~2tanh(8J) + tanh(28J)] By = [ tanh(8J) + 2 tanh(28/)}.

Dividing (%) by T; and (10) by T and eliminating 73/ T from the resulting equations, one
obtains

(1/P — A)(1/Q — Bs) = AsB, (12)

where P, @ are, respectively, the ratios 75/, and T,/ U4, For a given T, the As and Bs
are determined, and P and Q are related in a one-to-one fashion. The critical temperature of
the Monte Carlo calculation T; = (2.705 3= 0.005)J / kg (Mouritsen 1980) is consistent with
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bt Figure 1. Exact P versus Q curvefor T = T, =2,705/J / kg
for the diamond Ising lattice, from (12). The * denotes
1. 106 e IM'Q L% 109 . (Q, P)MC.

the result (2.7043 £ 0.0002) from high-temperature series calculations (Gaunt and Sykes
1973), and so may be taken to be correct. In figure 1, we plot P versus €, from (12) at
this temperature (the error bars for both series and MC are vanishingly small on the scale of
this figure). It is seen that the (Q, Phc point, denoted by * in the figure, is not consistent
with (12) at the accepted critical temperature. If Gume = 1.0935 £ 0.0005 is correct, then
the inconsistenicy in Pye is 227%.

It can be shown, moreover, that the inconsistency in the neighbour—neighbour correlation
function {02} is as high as 17%. One invokes the identity (see, e.g., (1.3) of Mouritsen
1980)

P = (14 3{0102)})/4{0i01) (13)

to eliminate P from (12) in favour of {oj03} and {o;01). Thus, one obtains the exact
equation

{0102} = %{4(1 - B4Q)(010|}/[A2 + (A4B2 — A2B4) Q] — 1} (14)

relating {o103} to {o;01) and Q at any value of T. If, then, one substitutes at Tonmc =
2.705J kg, the values Qpc = 1.0935 and {o;01}mc = 0.439 one obtains {09} = 0.283
which is ~17% higher than the MC value, {o702)mc = 0.235 £ 0.002, of Mouritsen (1980).

One would like to have an accurate value of {oyoz} at T, Unfortunately, a series
calculation of the critical value of {o|o3) is not available. We believe the value of (o70%)
= 0.283 calculated above to be reasonably accurate for two reasons: (i) the values of T;
and {o;01)mc used on the RHS of (14) are consistent with the values obtained from series
calculations (T series = (2.7043 + 0.0002)J/ kg, Gaunt and Sykes 1973; (070 }series = 0.437
= (.003, Domb 1974}, and (ii) the value of Oye = 1.0935 £ 0,0005 used on the RHS of (14)
is close to the value O = 1.0898 which we have calculated using the theory of Frank and
Cheung {1984). It would be of interest to have this verified by either a series calculation
or an improved Monte Carlo calculation.

References

Callen H B 1963 Phys. Lert. 4 162

Domb C 1974 Phase Transitions and Critical Phenomena vol 3, ed C Domb and M S Green (London: Academic)
pp 357-484

Frank B and Cheung C Y 1984 J, Phys. C: Solid State Phys. 62 35-9

Frank B and Mitran O 1978 J, Phys. C. Snlid State Phys. 11 2087-93



L278 Letter to the Editor

Gaunt D S and Sykes M F 1973 J. Phys. A: Math. Gen. 6 1517-26
Mouritsen O G 1980 J. Phys. C: Solid State Phys. 13 3909-20

Mouritsen O G, Frank B and Mukamel D 1983 Phys. Rev. B 27 3018-31
Mouritsen O G, Knak Jensen S J and Frank B 1981 Phys. Rev. B 23 976-9
Suzuki M 1965 Phys. Leit. 19 267-8



